Microscopic analysis of gain spectrum of surface plasmons in graphene  by Karimi, Mohammad & Ahmadi, Vahid
Results in Physics 6 (2016) 754–760Contents lists available at ScienceDirect
Results in Physics
journal homepage: www.journals .e lsevier .com/resul ts - in-physicsMicroscopic analysis of gain spectrum of surface plasmons in graphenehttp://dx.doi.org/10.1016/j.rinp.2016.10.009
2211-3797/ 2016 Published by Elsevier B.V.
This is an open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
⇑ Corresponding author.
E-mail address: v_ahmadi@modares.ac.ir (V. Ahmadi).Mohammad Karimi a,b, Vahid Ahmadi b,⇑
aNanomaterials Group, Department of Materials Engineering, Tarbiat Modares University, Tehran, Iran
b School of Electrical and Computer Engineering, Tarbiat Modares University, Tehran, Iran
a r t i c l e i n f o a b s t r a c tArticle history:
Received 3 September 2016
Received in revised form 1 October 2016
Accepted 6 October 2016
Available online 14 October 2016
Keywords:
Surface plasmon
Graphene
Emission and absorptionIn this paper, microscopic interactions of surface plasmons and carriers in the graphene layer are inves-
tigated and based on the second quantization formalism, rate equations of surface plasmons are pre-
sented. Plasmonic matrix element for surface plasmon-induced transitions in the graphene is also
analytically studied. We have shown TE plasmonic modes, due to vanishing plasmonic matrix elements,
cannot be amplified in the graphene layer and amplification is only possible for TM plasmonic modes.
Using the rate equation and the plasmonic matrix element, we have investigated emission and absorption
spectra of surface plasmons in graphene for thermal equilibrium, optical induced population inversion
and carrier-injected inversion regimes in the graphene layer and demonstrated that only interband band
processes are involved in the surface plasmon emission. We have shown optical pumping opens a gain
window for large wavenumbers and the gain window shifts toward larger wavenumbers by increasing
pump energy, while carrier injection provides gain for small wave numbers.
 2016 Published by Elsevier B.V. This is an open access article under the CC BY-NC-ND license (http://
creativecommons.org/licenses/by-nc-nd/4.0/).Introduction Surface plasmon emission and absorption with the carrier decayGraphene, a monolayer of carbon atoms arranged in a honey-
comb crystal lattice has attracted significant attention. Two dimen-
sional electronic structure and the unusual linear, gapless band
structure of graphene leads to unique electronic and optical prop-
erties. The high carrier mobility and the large optical absorption in
graphene have introduced new opportunities for this material in
photonic and plasmonic applications [1–5].
Surface plasmons (SPs), the electromagnetic waves coupled to
charge excitations at the surface, play a prominent role in various
applications such as ultrasensitive optical biosensing [6], photonic
metamaterials [7], light harvesting [8] and optical nanoantennas
[9]. Although, noble metals are widely regarded as the best avail-
able plasmonic materials, large Ohmic losses together with lack
of tunability limit their applicability for many electro-optical
devices. In this context, doped graphene emerges as an alternative,
unique two-dimensional plasmonic material [10].
To exploiting graphene as novel material for plasmonic applica-
tions, microscopic study of emission and absorption of surface
plasmon in the graphene is essential. The advantage of a micro-
scopic time-dependent approach is a direct access to the plasmonic
relaxation processes and their interplay at different excitation
regimes.has been experimentally observed in graphene [11]. It has been
shown that very large gain values (exceeding 104 cm1) at frequen-
cies in the terahertz range is achievable for SPs in graphene under
population inversion conditions due to the stimulated emission of
plasmons [12,13].
To reach a comprehensive understanding of SP absorption or
emission, quantum analysis of both matter and field is required.
A number of quantization schemes for SP field have been proposed
[14–16]. It is shown that Hamiltonian of SP has the structure of the
harmonic oscillator, thus SPs obey the rules of bosons [17].
In this paper, microscopic dynamics of surface plasmon, in the
presence of carrier-SP interaction is studied and plasmonic matrix
element of the system, which describe the electron transitions in
the structure, is investigated. Based on the surface plasmon
dynamic in the graphene, absorption and emission spectra of SPs
in the graphene layer are studied.
Theoretical model
A surface plasmon is a TM polarized surface mode and charac-
terized by its circular frequency x and the projection of the wave
vector on the plane perpendicular to the z-axis q [18]. Surface plas-
mons supported by monolayer graphene are widely investigated
[19–22]. Let us consider surface plasmons propagating on gra-
phene layer at z ¼ 0 separating two semi-finite media. A schematic
of structure is illustrated in Fig. 1(a). The dispersion relation of TM
SPs in the graphene layer is given by [23]
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q ¼ irðq;xÞ
e0x
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As it is depicted in Fig. 1(a), e1 and e2 are dielectric constants of
region I and II, respectively. rðq;xÞ is the conductivity of graphene
which can be calculated using random phase approximation (RPA)
[19,23]. We should note here that in contrast with metal-dielectric
interfaces, graphene layers can also support TE plasmonic modes
[24]. Dispersion relation of TE SPs is given byﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
q e1x2=c2
p
þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
q e2x2=c2
p
¼ il0xrðq;xÞ.
Fig. 1(b) shows the numerically obtained dispersion relation of
SPs in the graphene for three Fermi levels at 300 K. Surface plas-
mon dispersion implicitly affects the permitted carrier transitions.
It should be noted that surface modes in graphene differ signifi-
cantly from TM SPs propagating at metal-dielectric interfaces
[20,21] and therefore, different carrier transitions are involved in
emission and absorption process of graphene surface plasmons
and metal-dielectric interface surface plasmons.Carrier-surface plasmon interaction
To achieve a profound insight into absorption and stimulate
emission process of SPs in graphene layer, microscopic study of
the system is essential. The quantum mechanical properties ofFig. 1. (a) Surface plasmons propagating in a graphene layer. The surface mode is
characterized by its frequency, x and the projection of the wave vector along the
graphene plane q. The graphene layer is placed on a silica substrate (red thick line in
the schematic diagram) and supports surface plasmons. (b) Dispersion relation of
surface plasmons in the graphene layer for three Fermi levels at T = 300 K. The black
line indicates the energy dispersion of graphene, x ¼ vq where v is the Fermi
velocity of electron in the graphene. (For interpretation of the references to colour
in this figure legend, the reader is referred to the web version of this article.)interacting electrons and SPs are described by the Hamiltonian of
the system
H ¼ He þ Hsp þ Hesp ð2Þ
The Hamiltonian of free electrons in graphene, He, is [25]
He ¼
X
k;k
2kkakyk akk ð3Þ
where 2kk is the single electron energy which can be analytically
calculated using tight-binding approach [26]. k ¼ c;v is conduction
and valance band indices. akyk (a
k
k) creates (annihilates) an electron
in state with wave vector k in the band k.
The free SP Hamiltonian, Hsp, can be written as
Hsp ¼
X
q
hxq cyqcq þ
1
2
 
ð4Þ
where cyq and cq are creation and annihilation operators for SPs with
wavenumber q, respectively. hxq is the energy of SPs and obeys the
dispersion relation of SPs in the system. It should be noted that the
particular form xq depends on the dielectric function of the system
and for a monolayer graphene is depicted in Fig. 1(b).
The carrier-surface-plasmon Hamiltonian, describing the inter-
action between both systems in the rotating wave approximation
(RWA), reads in the second quantization representation
Hesp ¼ ihg
X
q;k
X
k1 ;k2
fDk1 ;k2k;kqak1yk ak2kqcq þ Dk1 ;k2kq;kak1ykqak2k cyqg ð5Þ
where k1; k2 ¼ c;v are the conduction and the valance band indices,
Dk1 ;k2k;kq is the matrix element of the electron-SP interaction which
will be discussed in the next section and
g ¼ e
m
h
2e0xqLðxqÞS
 1=2
ð6Þ
in which, e and m are electron charge and mass, respectively. LðxqÞ
takes the dimension of length [27] and can be explained as effective
depth of SP in the surrounding media and S is the area of system.
The first and second terms in (5) has clear interpretation; first
term describes absorption of SPs with wavenumber q , and the sec-
ond term, indicates emission of SPs.
To study emission and absorption of SPs, the surface plasmon
population is the quantity of interest, which is defined by
Nq ¼ cyqcq
D E
ð7Þ
Temporal evolution of SP population is described by Heisenberg
equation of motion. The contribution of carriers, SPs and carrier-SP
interaction to the SP population dynamics are taken into account
by using full Hamiltonian of the system (2), into Heisenberg equa-
tion of motion. Therefore, the equation of motion for SP population
reads
dNq
dt
¼ g
X
k
X
k1 ;k2
Dk1 ;k2kq;k a
k1y
kqa
k2
k c
y
q
D E
 Dk1 ;k2k;kq ak1yk ak2kqcq
D En o
ð8Þ
Eq. (8) shows that SP population number is coupled to three-
operator expectation values. Hence, it is required to find the equa-
tion of motion of ak1ykqa
k2
k c
y
q
D E
and ak1yk a
k2
kqcq
D E
.
Heisenberg equation couples three-operator expectation values
to higher order expectation values and so forth. This results in an
infinite hierarchy of equations. To avoid this problem and obtain
a solvable finite set of equations, correlation expansion is applied
[28]. In this work, we employ correlation expansion and consider
only single-particle contribution assuming higher order terms are
negligibly small [25,29]. Therefore after some amount of operator
Fig. 2. (a) Squared modulus of the interband plasmonic matrix element, jKk1 ;k2k1 ;k2 j
2 in
the first Brillouin zone for q = 1.5 nm1 in the x-direction showing maximums at
the K points and vanishing at the C point. (b) Squared of overlap integral, jDðqÞj2 for
TM (black line) and TE (red line) surface modes. The overlap integral vanishes for
large momentum. Inset shows the overlap integral in the range of q = 0–1 nm1.
(For interpretation of the references to colour in this figure legend, the reader is
referred to the web version of this article.)
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evolution of SP population number reads
d
dt
Nq ¼ Cemq ½Nq þ 1  Cabsq Nq ð9Þ
where emission and absorption coefficient are defined as
Cemq ¼ 2pg2
X
k1 ;k2
X
k
jDk1 ;k2k;kqj2qk1k ½1 qk2kqdð2k1k  2k2kq  hxqÞ ð10Þ
and
Cabsq ¼ 2pg2
X
k1 ;k2
X
k
jDk1 ;k2k;kqj2½1 qk1k qk2kqdð2k1k  2k2kq  hxqÞ ð11Þ
where qkk ¼ akyk akk
D E
is the electron population density at band k
with wavenumber k. The delta function ensures the conservation
of energy in the electron transitions. It should be noted that the
delta function can be replaced by the Lorentzian function for finite
life time of electrons in upper states.
The first and the second terms in (9) correspond to the emission
rate and absorption rate of SP, respectively. The emission part, is
comprised of two terms. The term which depends on the SP popu-
lation number, is the stimulated emission rate of SPs while the
term which does not depends on SP population, is the spontaneous
emission rate of SPs.
Matrix Element
The surface plasmon matrix element determines coupling
strength between SPs and carriers. Within the A  p Hamiltonian,
the SP matrix element can be expressed as expectation value of
scalar product between momentum operator and vector potential,
Dk1 ;k2k1 ;k2 ;q ¼ w
k1 ðk1; rÞ
 eiq:ra^q  r wk2 ðk2; rÞ  ð12Þ
where wkðk; rÞ is the tight-binding electron wave function [26] in
graphene layer and a^q is normalized vector in the direction of vector
potential associated with TM SP electromagnetic field [17]
a^qðzÞ ¼ expðcjzÞ q^
q
cj
z^
 !
ð13Þ
where cj is the projection of wave vector along the z axis and j = I, II
corresponds to the dielectric I and II. The normalized vector poten-
tial for TE modes reads
a^qðzÞ ¼ expðcjzÞq^? ð14Þ
where q^? is the unit vector in the graphene plane and perpendicular
to propagation direction of SP.
Inserting tight-binding wave function of electrons in graphene
layer into (12) and taking into account merely the strongest
same-site interactions, the matrix element reads
Dk1 ;k2k1 ;k2 ¼
1
N
X
l;Rl
Ck1l ðk1ÞCk2l ðk2Þeiðk1 Rlk2 RlþqRlÞ

Z
V
d3r/ðr RlÞeiqðrRlÞa^q  r/ðr RlÞ ð15Þ
where N is the number of unit cells in the graphene lattice, Ckl ðkÞis
tight-binding coefficients with l ¼ A;B indicating the position of
carbon atoms in the unite cell, Rl stands for corresponding lattice
vectors and /ðrÞ is the 2pz atomic orbital.
Performing summation in (15), leads to following expression
Dk1 ;k2k1 ;k2 ¼ dq;k1k2K
k1 ;k2
k1 ;k2
DðqÞ ð16Þ
where dq;k1k2 accounts for conservation of momentum in the tran-
sition and DðqÞ is the overlap integral. Kk1 ;k2k1 ;k2 is the product of tight-
binding coefficientsKk1 ;k2k1 ;k2 ¼
1
2
1þ tk1 ;k2
eðk1Þeðk2Þ
jeðk1Þeðk2Þj
 
ð17Þ
in which, tk1 ;k2 ¼ 1 for intarband transitions (k1 ¼ k2) and
tk1 ;k2 ¼ 1 for interband transitions (k1 – k2) and eðkÞis the nearest
neighbor sum
eðkÞ ¼
X3
i¼1
eikbi ð18Þ
where bi is the vector that connects every carbon atom to its three
nearest neighbors. Fig. 2(a) illustrates interband part of jKk1 ;k2k1 ;k2 j
2 in
the Brillion zone of graphene for q ¼ 1:5 nm1 along the x-
direction. Fig. 2(a) represents contribution of electrons in the plas-
monic matrix element in the momentum space. It is clear that
SP-carrier interaction is highly anisotropic, C point is inactive in
the plasmonic transitions and K points possess the maximum con-
tribution in the SP-carrier interactions.
After introducing the shift r! rþ Rs in (15), the overlap inte-
gral, DðqÞ, is rewritten as
DðqÞ ¼
Z
V
d3r/ðrÞeiqra^q  r/ðrÞ ð19Þ
To evaluate (19), we use spherical coordinate system and first,
expand expðiq  rÞ in term of spherical harmonics [30,31]
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X1
l¼0
Xl
m¼l
ðiÞl jlðqrÞYml ðq^ÞYml ðr^Þ ð20Þ
where jlðxÞ is the spherical Bessel function of the first kind. Now, we
insert 2pz wave function
/ðrÞ ¼ vr cosðhÞeZr=2a0 ð21Þ
its gradient in spherical coordinates, normalized TM vector poten-
tial (13) and expansion of exponential, (20), into (19). The angular
integral in (19) can be done by using Winger 3j symbols and consid-
ering the fact that q is limited to graphene plane (xy-plane in this
structure). Therefore (19) is reduced to
DðqÞ ¼ 4
5
ipv2b
Z 1
0
r4e2br½j1ðqrÞ þ j3ðqrÞdr ð22ÞFig. 3. Permitted interband electron transitions on Dirac cone. Yellow and green shades
transitions for q = 0.06 nm1 in the x-direction and the second column (2) represents
Ef ¼ 0:1 eV. (b) Optical population inversion in a graphene layer. The pump photon energy
graphene. Qusi-Fermi levels of conduction and valance band are equal to 0.1 eV and 0.1
the reader is referred to the web version of this article.)The integral of the form of (22) can be simplified to product of
the gamma function and the Legendre polynomial [30], therefore,
(19) reads
DðqÞ ¼ 32ipv2b q
1=2
4b2 þ q2
 !3
ð23Þ
in which, v is the normalization factor of wave function of the 2pz
orbital and b ¼ Z=2a0 where Z ¼ 4:6 [29] and a0 are effective atomic
number of graphene structure and Bohr radius, respectively.By
inserting (20) into (19), it is easy to show that the angular integral
in (19) take a non-zero value only for the component of vector
potential parallel to the direction of surface plasmon propagationq.
Therefore for TE surface mode with vector potential (14), DðqÞ van-
ishes, hence the matrix element for TE surface modes in grapheneindicate filled and empty states, respectively. The first column (1) shows permitted
transitions for q = 0.27 nm1. (a) The graphene layer in thermal equilibrium and
is 0.325 eV and Ef ¼ 0:1 eV. (c) Quasi-equilibrium established by carrier injection in
eV, respectively. (For interpretation of the references to colour in this figure legend,
Fig. 4. Emission and absorption rates of surface plasmons in graphene for different
Fermi levels in thermal equilibrium at temperature T = 300 K.
Fig. 5. (a) Emission and absorption rates of surface plasmons in optically
population inverted graphene layer. (b) The net rate of change in the microscopic
surface plasmon population number. Positive values show gain in the number of
surface plasmons in the graphene as they propagate. Pump photon energy is
0.325 eV with spectral width of 12.5 meV.
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for carrier excitation via TE surface plasmons emission.
Behavior of jDðqÞj2 is depicted in Fig. 2(b). The strength of SP
matrix element highly depends on the amount of momentum
transferred in the transitionq. For q >> b, the jDðqÞj2 scales as
q9, therefore, the SP-carrier interactions with large momentum
exchange, are strongly suppressed. A very strong SP-carrier cou-
pling occurs at the maximum of jDðqÞj2. Inset of Fig. 2(b) shows
jDðqÞj2 in the range of q = 0–1 nm1.
Results and discussions
Temporal evolution of SP intensity is described by (9) wherein
the emission and absorption rates are related to the electron pop-
ulation density and SP wavenumber. In the steady state, all popu-
lations are fix and therefore, SP emission and absorption rates are
constant.
It should be noted that since q < x=v (see Fig. 1(b)) where v is
the Fermi velocity in graphene, only interband processes can sat-
isfy both energy dispersion and the selection rules to contribute
to the transitions. In other words, energy and momentum conser-
vations restrict the electron transitions. The delta function in (10)
and (11) imposes
kx ¼ 12 q
1
2
u2
x2  v2ðq2 þ 4k2yÞ
x2  q2v2
 !1
2
ð24Þ
1
2
ðu2  q2Þ
1
2 < ky <
1
2
ðu2  q2Þ
1
2 ð25Þ
assuming q in the positive x direction, where u ¼ x=v . Permit-
ted transitions are plotted in Fig. 3 by blue and red curves on the
band diagram of graphene. Using (10)–(11), (24) and (25), emission
and absorption spectra of SPs can be obtained for different regimes
of carrier distribution function.
Thermal equilibrium
In the thermal equilibrium, the carrier distribution is the Fermi-
Dirac distribution. As illustrated in Fig. 3(a), for all transitions, the
lower energy levels, are more populated hence, absorption rate
exceeds emission rate. Absorption and emission rates are depicted
in Fig. 4 for different Fermi levels at 300 K. It is obvious that there is
no inversion in this regime therefore, there is no gain in the ther-
mal equilibrium.
Optical population inversion
Illuminating graphene layer by optical beam leads to a quasi-
equilibrium distribution in the population of carriers. Photons with
energy of hX are absorbed by carriers and generate occupied and
empty states with energies hX=2 and hX=2 respectively [32,33].
The photon induced population inversion in graphene band dia-
gram is shown in Fig. 3(b) for Ef ¼ 0:1 eV and photon energy
Eph ¼ 0:325 eV with spectral width DEph ¼ 12:5 meV. There is no
population inversion for the small value of momentum transfer
(first column), whereas, SPs with large momentum, experience
an effective population inversion (second column). It should be
noted, as it is clear from Fig. 3(b), that the effective inversion in
the optical quasi-equilibrium distribution is formed between
empty states generated by photon absorption and filled states
under Fermi level. The selection rules forbid filled states at energy
hX=2 to be directly involved in the emission and absorption pro-
cesses of SPs, therefore these carriers tend to be relaxed to the
thermal equilibrium via other relaxation channels [25,34].The absorption and emission rates of SPs under optical induced
population inversion are plotted in Fig. 5. The pump photon energy
is Eph ¼ 0:325 eV with spectral width DEph ¼ 12:5 meV. Note that
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wavenumber where, upper levels are more populated than lower
levels. As a result, as it is illustrated in Fig. 5(b), a net gain is
achieved for SPs. Note that spectral width of pump affects the gain.
A wider pump provides a wider gain range. The emission and the
absorption spectra for different energies of pump photon are
depicted in the Fig. 6. Increasing pump energy, shifts peak of the
gain toward the larger wavenumbers.Inversion induced by carrier injection
It is possible to produce a steady population inversion in gra-
phene by injecting carriers in the p-n junction [35,36] and p-i-n
[37,38] configuration. In this regime, the distribution of carriers
is characterized by two quasi-Fermi level, Efc and Efv . As it is shown
in Fig. 3(c), carrier injection induced inversion, is very favorable for
establishing effective population inversion for small values of q.Fig. 6. Emission and absorption rates of surface plasmons in optically population
inverted graphene layer for three different optical pump energies at T = 300 K and
Ef ¼ 0:1 eV.
Fig. 7. Emission and absorption rates of surface plasmons in the carrier injected
quasi-equilibrium regime. Solid and dashed line indicate emission and absorption,
respectively.The emission and absorption spectra of SPs versus wavenumber
of SPs, q is illustrated in Fig. 7. The emission rate surpasses the
absorption rate and hence SPs experience gain for q < 0:13 nm1,
q < 0:28 nm1 and q < 0:20 nm1 for different values of Efc andEfv .
Conclusions
In conclusion, we have applied a microscopic approach to study
the interaction of surface plasmon and carriers in the graphene
layer. Based on second quantization formalism, we have derived
rate equations for surface plasmon emission.
We have presented an analytic form for SP-carrier matrix ele-
ment and showed how it affects electron transitions in the gra-
phene layer. SP-carrier matrix element reveals an important
difference between TM and TE plasmonic modes in graphene.
Matrix element of TE SP modes is equal to zero and therefore,
excited carriers cannot emit TE SPs. On the other hand, TM SPs in
the graphene layer possess non-zero matrix element, therefore
excited carriers can relax through emitting TM surface plasmons.
Energy and momentum conservation together with the dispersion
form of the SPs in the graphene layer, allow merely interband pro-
cess to take place in emitting TM SPs.
The absorption and emission spectra of surface plasmons in gra-
phene in thermal equilibrium, optical induced population inver-
sion and carrier injected quasi-equilibrium are investigated. In
the equilibrium, as it is expected, there is no gain for surface plas-
mons. Optical pumping opens a gain window for large SP
wavenumbers. The gain window shifts toward larger wavenum-
bers (smaller wavelengths) by increasing optical pump energy.
On the other hand, carrier injection can be used to provide gain
for small values of wavenumber.
The results may be useful in designing graphene based surface
plasmon amplifiers and SPASERs structure.
Topics of future research are e.g. the inclusion of complete
dynamics of carriers and photons to obtain microscopic plasmonic
Bloch equation of the system and the inclusion of higher order cor-
relations beyond the single-particle contribution, as well as nonlin-
ear effects in the system.
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